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Abstract
Optical lattices can be used to simulate quantum baths and hence they can be of
fundamental help to study, in a controlled way, the emergence of decoherence
in quantum systems. Here we show how to implement a pure dephasing model
for a two-level system coupled to an interacting spin bath. In this scheme it
is possible to implement a large variety of spin environments embracing Ising,
XY and Heisenberg universality classes. After having introduced the model,
we calculate exactly the decoherence for the Ising and the XY spin bath model.
We find universal features depending on the critical behaviour of the spin bath,
both in the short- and long-time limits. The rich scenario that emerges can be
tested experimentally and can be of importance for the understanding of the
coherence loss in open quantum systems.

PACS numbers: 03.75.Lm, 03.65.Yz, 05.50.+q

(Some figures in this article are in colour only in the electronic version)

1. Introduction

The confinement of cold atomic gases in optical lattices has been the successful step towards the
implementation of a large variety of model systems of fundamental importance in condensed
matter (see [1] for a comprehensive review on this subject). Among the numerous beautiful
experiments in this area we mention the first evidence of the Mott-to-Superfluid transition by
Greiner et al [2] following the theoretical prediction made in [3]. One of the most attractive
features of these systems is the possibility to control, by changing the depth of the optical
potential, the couplings of the underlying model system. Moreover, by loading the lattice with
different atoms, it is possible to simulate a large variety of strongly correlated systems [1].
Optical lattices are disorder free and therefore can be considered as an ideal playground for
the study of a number of complex physical systems. Duan et al [4] and Jané et al [5] have
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Figure 1. A sketch of the system-plus-bath model we consider in this work. The two-level system
(at position zero) is coupled to the σz component of the first spin of the chain that acts as a spin
bath. Atoms in an optical lattice can simulate this controlled decoherence by means of series of
lasers and displacements of the lattice, which allow us to realize both the interaction of the bath
with an external magnetic field and the anisotropic exchange coupling.

shown how to implement textbook models of magnetism by means of cold atoms in optical
lattices.

In this paper we would like to suggest the use of optical lattices in another important area
of physics, the study open quantum systems. Understanding decoherence is central to the
description of the crossover between quantum and classical behaviour [6, 7] and important
for a successful implementation of quantum information processing [8]. Unfortunately it is
not always possible to fully characterize the bath and therefore it is necessary to resort to
ingenious modelizations (paradigmatic models are harmonic [9] or spin [10] baths). Here
we take a different point of view, i.e. we want to engineer a quantum bath. Ultracold atoms
in optical lattices provide an interesting example where the properties of the bath and the
system–bath interaction are controllable. This tunable open quantum system has several
interesting aspects. First of all it can be realized experimentally. Moreover the model we
propose embraces a variety of interacting spin baths and allows us to investigate a fairly rich
scenario. In the case of Ising or XY bath we obtain an exact solution for the decoherence,
expressed in terms of the temporal decay of the so-called Loschmidt echo. This quantity
has been introduced in the context of the quantum chaos, to describe the hypersensitivity
of the time evolution to perturbations experienced by the surrounding system [11], and then
subsequently used to characterize loss of coherence for a variety of situations (see, for example
[12–16]). In our case, we provide a non-trivial example where the emergence of decoherence
in quantum systems can be controlled and tested experimentally.

The paper is organized as follows. In section 2 we discuss the general framework for
the realization of controlled open quantum systems by using optical lattices. In section 3
we introduce the model Hamiltonian underlying this implementation and derive an analytic
formula for the decay of coherence factors of the system’s reduced density matrix, in the
case when the bath is an Ising or an XY spin chain. In section 4 we explicitly show results
concerning the loss of coherence induced by these types of environment. Both short- and
long-time behaviour are considered; the scaling with the bath size is also discussed. Finally,
in section 5, we draw our conclusions.

2. Simulation of open systems by optical lattices

As a prototype open quantum system we consider a two-level system (qubit) coupled to a
quantum bath (see figure 1). Since we want to ignore relaxation, we will consider a pure
dephasing model where the populations of the ground and excited states do not evolve in
time and only the coherences will decay. The model of environment is inspired by the
recent proposals to implement spin models by means of optical lattices [4, 5]; it consists in an
interacting spin bath. It is worth stressing that a straightforward implementation of the method
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discussed in [4, 5] is not possible. The reason is that the properties of the quantum system
should be distinct from those of the spins constituting the bath and, in addition, the interaction
between the quantum system and the bath is different from the interaction of the spin within the
bath. In order to include these two crucial ingredients we found more convenient to implement
the ideas of [5] to the present case. The key advantage is that we can realize the system-plus-
bath setup by using a single one-dimensional lattice in which the quantum system is placed in
a given site of the lattice (for example the first one). The different Hamiltonian for the system
and for the bath is realized by a different sequence of pulses that simulate the dynamics of
the model. The same holds for the different coupling Hamiltonian of the two-level system
with the bath and the couplings within the bath. The left-most atom simulates the two-level
system, the coupling to the second site is the interaction between the quantum system and the
environment, the rest of the chain is the interacting spin environment6.

Jané et al showed that atoms loaded in an optical lattice can simulate the evolution of a
generic spin Hamiltonian in a stroboscopic way when subjected to appropriate laser pulses,
and controlled displacements, which allow us to implement the single-site and two-sites
contributions to the Hamiltonian. The key point is that in this case the sequences of gates
allows us to discriminate between the system and the bath. A detailed account of the pulse
sequence needed to realize stroboscopically the spin chain and its coupling to the two-level
system will be presented elsewhere [18]. The types of baths that one can simulate by these
means embrace Ising, XY and Heisenberg exchange Hamiltonian. Therefore by varying
the parameters of the optical lattice we can test the impact of the different phases (critical,
ferromagnetic, anti-ferromagnetic, etc . . .) of the environment on the decoherence of the
two-level system.

Additional motivation to analyse these models stems from the great interest in the
decoherence due to spin baths both in the absence [19, 20] and in the presence [16, 21–27]
of interaction among the spins of the bath. The scenario we consider here (see the next
section), however, has a crucial difference from those discussed so far. It goes beyond the
model of a central spin coupled uniformly with all the spins of the bath and therefore it can be
tested experimentally. The difference is not merely quantitative but qualitative.

3. The model

We consider a qubit coupled to a one-dimensional array of spin-1/2 particles. The composite
system-plus-bath Hamiltonian is given by

H = HTL + HE + HIN. (1)

The two-level (TL) system is characterized by the free Hamiltonian HTL = ωτz, where τα

denote the Pauli matrices representing the qubit. The interaction (IN) between the system and
the bath is described by: HIN = −ετzσ

z
1 , with ε being the coupling constant. The Hamiltonian

of the environment (E) is:

HE = −J

2

N∑
j=1

[
(1 + γ )σ x

j σ x
j+1 + (1 − γ )σ

y

j σ
y

j+1 + �σz
j σ z

j+1 + 2λσ z
j

]
, (2)

where σα
i (α = x, y, z) are the Pauli matrices of the ith spin of the bath. The constants

J,�, γ and λ represent the exchange coupling, the anisotropy parameter along z and in the

6 It would be quite interesting to consider as an engineered bath a 3D optical lattice. Besides being feasible from
an experimental point of view, this could be useful in studying for instance the situation found in solid-state NMR
[17]. It would be also intriguing to study the Bose–Hubbard model as a bath, which would make the experimental
realization even simpler. We consider 1D baths as, in several cases, are amenable of an exact solution.
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xy plane respectively, and an external magnetic field. The model defined by equation (2) has
a very rich structure [28]: when the anisotropy parameter � is set to zero, for all the interval
0 < γ � 1 it belongs to the Ising universality class; at the thermodynamic limit it has a critical
point at λ = λc = 1. For γ = 0 it reduces to the isotropic XY model, which is critical for
|λ| � 1. In the case when there is a non zero z anisotropy and no magnetic field applied
(i.e. � �= 0, λ = 0), the model reduces to Heisenberg XXZ. It is critical for −1 � � � 1,
in the other cases the chain has ferromagnetic or anti-ferromagnetic order if the anisotropy is
positive or negative, respectively. In the following we will only consider situations without
z anisotropy: � = 0 (the case � �= 0 will be discussed in a separate publication [18]). We
will also suppose that the bath is initially set up in its ground state, and use periodic boundary
conditions.

With this choice of HTL and HIN, the evolution of the reduced density matrix ρ of the two-
level system corresponds to a purely dephasing process [29, 30]: in the basis of the eigenstates
of τz{|↑〉, |↓〉}, the diagonal terms ρ↑↑(t) and ρ↓↓(t) do not evolve in time, since [τz,H] = 0.
Only the off-diagonal terms will decay according to the expression ρ↑↓(t) = ρ↑↓(0) e−iωtD(t).
The decoherence of the system can then be captured by the real function

L(t) = |D(t)|2 = |〈eiH↓t e−iH↑t 〉|2, (3)

sometimes called Loschmidt echo, where H↑/↓ = HE ∓ εσ z
1 ; the average is evaluated over

the ground state of the spin bath. Values of L(t) close to 1 indicate a weak coupling ε between
the system and the environment, while L(t) ∼ 0 corresponds to the opposite case of strong
coherence suppression due to the interaction with the bath.

We now proceed by considering � = 0; this case is particularly relevant from a theoretical
point of view, since the function L(t) can be calculated exactly. By means of the Jordan–
Wigner transformation σ +

j = c
†
j exp

(
iπ

∑j−1
k=1 c

†
kck

)
, and σ z

j = 2c
†
j cj − 1, it is possible to map

the Hamiltonian of the spin bath plus interaction onto a free fermion model [31], which can
be expressed in the following quadratic form:

H↑/↓ = 1
2�†C�, (4)

where �† = (
c
†
1 . . . c

†
Nc1 . . . cN

)
(ci are the corresponding spinless fermion operators) and

C = σ z ⊗ A + iσy ⊗ B is a tridiagonal block matrix with

Aj,k = −J (δk,j+1 + δj,k+1) − 2(λ ± εδj,1)δj,k (5)

Bj,k = −Jγ (δk,j+1 − δj,k+1). (6)

The Loschmidt echo can then be evaluated exactly [32], leading to the expression

L(t) = det(1 − r + r eiCt ), (7)

where r is a matrix whose elements ri,j = 〈
�

†
i �j

〉
are the two-point correlation functions of

the spin chain. This is one of the central results of this work. Equation (7) allows us to go
beyond the central spin model considered so far in the literature and enables us to explicitly
address the case of a large number of spins in the bath, since it provides an explicit formula for
the Loschmidt echo in terms of a determinant of a 2N × 2N matrix. In the following we will
study the dependence of L(t) upon the spin bath Hamiltonian for a number N of bath spins of
the order of ∼102–103.

4. Decay of the Loschmidt echo

We first focus on the case γ = 1 in equation (2), that is when the environment is modelled by
an Ising chain in a transverse magnetic field. Figure 2(a) shows the generic behaviour of L as
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Figure 2. (a) Loschmidt echo as a function of time for a qubit coupled to a N = 300 spin Ising
chain; ε = 0.125. The various curves are for different values of the transverse magnetic field:
λ = 0.5 (black), 0.9 (red), 0.99 (green), 1 (blue), 1.01 (brown), 1.1 (magenta), 1.5 (cyan). (b) In
the region I, L has a Gaussian decay with a typical scale α. Here we plot the derivative ε−2∂λα

as a function of λ in order to highlight the change in the decoherence process when the chain
undergoes a phase transition. The different values of ε (0.005 (circles), 0.0125 (squares), 0.025
(diamonds), 0.0375 (triangles up), 0.05 (triangles left), 0.125 (triangles down), 0.25 (triangles
right)) are nevertheless all in the perturbative regime so that the curves overlap when rescaled by
the factor ε2. The solid line shows the result of a perturbative calculation at small times. (c) In
the region II, L oscillates around a constant value L∞. Here we plot L∞ as a function of λ for
ε = 0.125. Points indicate the data from the exact solution, while the solid line is the result of the
perturbation expansion in ε, equation (10).

a function of time for different values of λ, and fixed coupling constant ε. For λ < 1 the echo
oscillates with a frequency proportional to ε, while for λ > 1 the amplitude of oscillations
is drastically reduced. The Loschmidt echo reaches its minimum value at the critical point
λc = 1, thus revealing that the decoherence is enhanced by the criticality of the environment.
Since the chain is finite, at long times there are revivals, but for N ∼ 103 there is already a
wide interval (region II) where the asymptotic behaviour can be analysed. A detailed analysis
of the short- and long-time behaviour (regions I and II in figure 2(a)) of L reveals a number of
interesting features.

4.1. Short-time behaviour

At small times the decay is Gaussian:

LI (t) ∼ e−αt2
. (8)

This behaviour can be predicted within a second order time perturbation theory in the coupling
ε between the system and the bath. The scale of the Gaussian decay at short times displays a
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remarkable universal behaviour. The very existence of the critical point appears in the slope
of α, shown in figure 2(b). By taking the derivative with respect to λ, ∂λα shows a logarithmic
singularity, characteristic of the Ising model, ∂λα ∼ |log(λ − λc)|.

4.2. Long-time behaviour

At long times (region II) and for λ > 1 the Loschmidt echo approaches an asymptotic value
L∞, while for λ < 1 it oscillates around a value which is constant in time (see figure 2(a) for a
qualitative picture). Also this limiting value L∞ has clear signatures of the critical behaviour
of the spin environment as shown in figure 2(c), since it manifests a cusp at the critical point.
Evidence that L∞ describes the asymptotic regime can be obtained by comparing data with
the result of an analytical expression based on the following simple ansatz: we assume that,
as the bath approaches the thermodynamic limit N → ∞, the coherence loss saturates and it
is constant after a given transient time t0:

L ≈ L∞ ∀ t � t0. (9)

After expanding the ground state of the spin bath onto the eigenbasis of H↑, from the above
ansatz we found that a rough estimate of the limit value L∞ is given by the overlap between
the ground states of the two coupled Hamiltonians H↑ and H↓. A second-order perturbation
expansion in the coupling ε eventually gives

L∞ ≈

1 − ε2

2

∑
k �=0

∣∣〈ψk

∣∣σ z
1

∣∣ψ0
〉∣∣2

(Ek − E0)2




4

, (10)

where |ψk/0〉 are the excited states (ground state) of HE with energy Ek/0.

4.3. Scaling with the bath size

Additional interesting information emerge by analysing the scaling of L with the size N of
the bath. If the chain is not at the critical point and N is large, both the α and the saturation
value L∞ are almost independent of the bath size. At the critical point the situation is rather
peculiar. Due to the infinite correlation length, the decay is very slow in time Lc(t) ∼ ln−1t ,
and the minimum value Lc

∞ reached by the Loschmidt echo depends on N as

Lc
∞ = l∞

1 + β ln N
. (11)

This is shown in figure 3, where we plot the decay of the Loschmidt echo in time at λc, for
different N and fixed perturbation strength ε. In the inset we report the minima of Lc(t) as
a function of N; dotted-dashed line is a numerical fit of data, of the form in equation (11).
We expect that the coherence loss should go to zero at the thermodynamic limit N → ∞;
nonetheless this is hard to see numerically, since the decay is logarithmic, and the actual value
of Lc

0 is still very far from zero, even for N = 2000 spins.
A quantum critical bath manifests itself in a slow decay of the Loschmidt echo and in an

anomalous behaviour of its asymptotic value. These results rely only on the existence of an
infinite correlation length and therefore are valid for any model of spin baths. On the opposite
the behaviour of L is very sensitive to the number of spins of the bath to which the two-level
system is coupled if the chain is critical. The differences between our model and the central
spin model are not merely quantitative. If however the chain is non-critical, these differences
can be included in a renormalization of the effective coupling strength.
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Figure 3. Loschmidt echo as a function of time at criticality (λ = 1), for different sizes of
the chain: N = 50 (black), 100 (red), 200 (green), 300 (blue), 400 (brown), 500 (violet), 1000
(orange), 2000 (cyan). The perturbation strength is kept fixed: ε = 0.125. Dashed line is a
guideline that shows a decay of type: Lc(t) = c0/(1 + c1ln t). Inset: minimum value of Lc as a
function of N. Numerical data have been fitted with Lc∞ = l∞/(1 + β ln N) (dotted-dashed line),
where l∞ ≈ 0.996 71, β ≈ 2.369 33 × 10−3.

4.4. The XY spin bath

All the results presented in this section until now concern the case γ = 1 in equation (2).
Nonetheless the properties of the Loschmidt echo described so far are typical as long as
0 < γ � 1, that is when the spin bath belongs to the Ising universality class, the critical point
being in λc = 1. Instead, if the chain is described by the isotropic XY model (γ = 0), the
situation dramatically changes. In this case indeed the environment does not belong to the
Ising universality class: it exhibits a critical behaviour for all the parametric range |λ| � 1,
while it is ferromagnetic (anti-ferromagnetic) for λ > 1 (λ < 1). The decay of the Loschmidt
echo follows this classification, since it behaves as in equation (11) for all the region |λ| < 1.
In the ferromagnetic case λ > 1 instead we found L(t) = 1; the environment is frozen in the
perfect ferromagnetic ground state, therefore the coupled qubit does not decohere at all.

5. Conclusions

In this work we proposed the use of optical lattices as open quantum system simulators.
This approach, in our opinion, may lead to several interesting advantages in understanding
decoherence in quantum systems. The key point of our proposal is that it should be possible
to experimentally test the time decay of coherences in a fully controllable and tunable
environment. The class of baths that can be simulated in this fashion is rather rich and
embraces several distinct classes of universality for spin chains. Here, as an example, we
presented the results for an Ising bath which turns out to be exactly solvable. Once more we
stress that our model differs in a substantial manner from the central spin model discussed so
far in the literature, this last being very hard to implement in the laboratory.
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There are several issues that we are currently addressing and will be subject of a
forthcoming publication [18]. We quote for example the connection between decoherence
and entanglement, the case with � �= 0, the crossover to the central spin model. We also
mention that spin baths which are simulatable within our framework do not include generic
non-integrable models. These could show new and different physics [33], even though their
experimental implementation may be far from being simply feasible, and numerical studies
much more limited.
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